O. INTRODUCTION 0.1. The Carnot-Caratheodory or sub-Riemannian or non-holonomic geometry deals with the (length) metrics associated to the pairs (totally nonintegrable distribution, norm on the distribution plane) and is prominent in applications such as Brownian motion on manifolds, control theory or mechanics. An overview of the theory can be found e.g. in [G, GVJ. The zero-order properties of this metric (like estimates of ball shapes and volumes) are quite intuitive and easy to recover. The related differential-geometric properties are, on the contrary, rather intricate. Thus it seems to be unknown (though widely believed) that small spheres in Carnot-Caratheodory geometry are homeomorphic to the sphere. The standard in Riemannian geometry proof via the exponential map does not work as it is not a diffeomorphism in any vicinity of the origin for cc-geometry.
The structure of such spheres is important for the studies of the small-time asymptoties of the fundamental solutions to the hypoelliptic heat equations. 0.2. In this note I show that the cc-spheres are spheres indeed, at least when either the distribution admits a I-parametric group of contractions which leaves it invariant, or when the distribution is of length 2 (this is the generic case when the inequality N ::; n(n + 1)/2 relating the dimensions of the space and of the distribution holds).
The method is to replace the contraction along the rays in the tangent space by the contracting along the trajectories of a self-similarity flow in the space itself. The homogeneity thus imposed is by no way canonic but is sufficient to shorten curves. 0 .3. Acknowledgements. I am thankful to R. Montgomery (who told me about this problem) for an informative discussion, to M. Gromov for support and to IHES (where this work was begun) for hospitality. The length of a horizontal curve, :
is reparametrization invariant; henceforth it will be assumed that all horizontal curves are parameterized by the unit interval. The corresponding length distance is called Carnot-Caratheodory (or ee-) distance. The ee-ballofradius r with the center at the origin (that is the set of endpoints of horizontal curves of length at most r starting at the origin) contains an open vicinity of the origin (Rashevsky-Chow lemma). The topological boundary of the cc-ball is called the ee-sphere. Lifts (using p) of the constant vector fields on VI to H(O) are vector fields which generate a graded nilpotent Lie algebra L(H) (isomorphic to GV as a graded vector space) generated by VI.
Properly rescaled, the norm 9 converges to the L(H)-left invariant norm on H(O) (again, just the lift to H(O) of the g-norm on Vr). The dilatation flow c5 A leaves H(O) invariant and multiplies the length element by>.. It follows that the ccdistance is degree 1 homogeneous with respect to c5 and therefore the cc-sphere is homeomorphic to S N -1.
1.5. Below we consider two situations where this sphericity persists. One is the case when there exists a (globally contracting) flow which preserves the distribution but does not necessarily act conform ally on the norm, merely contracts it. This case covers, e.g. all contact distributions (regardless of the norm).
Such distributions are rarely generic: the germs of distributions diffeomorphic to a homogeneous one (with respect to the Euler vector field) have infinite codimension in the relevant functional space for all dimension except for n = N -1 and n = 2, N = 4 (again, see [GV] ). As a partial remedy to this we prove that small perturbations of distributions with 2-step nilpotent limit (that is the distributions with the growth vector (n, N» preserve the sphericity. This is the main result of this note:
Theorem. Small cc-spheres for distributions of length 2 are homeomorphic to spheres.
SELF-SIMILAR DISTRIBUTIONS
2.1 Notations and assumptions. Denote the Euclidean norm on V by 1 . 1 and assume the constant dimension of the H (but not necessarily the regularity).
We use the trivialization p : U x Ho ~ H to fix the coordinates (x, h),
We assume the (Finsler) metric defined by 9 : H ~ IR to be CI (actually, Lipschitz is enough). More precisely, the following estimate will be used:
A.
for some positive A (here Ox is the partial derivative with respect to x).
The length of a curve in the standard (Euclidean) metric will be denoted as Ie. Obviously, for a horizontal curve, C-Ite ~ l ~ Cle for some positive C.
Let v be a vector field defined on U with the unique equilibrium point at the origin. We assume that the shift along v takes U into itself and that the I-parameter (multiplicative) semigroup 8 A = AU, 
Lvg(o,·) < -al ·1
for some positive a. By continuity this inequality is valid also in some vicinity of o.
2.2. The crucial fact is that given these three properties, A, Band C, the flow 8 t shortens short horizontal curves. (Here Ox, Oh are the partial derivatives with respect to x, h correspondingly)_ Estimating the first summand in absolute value using A and the second summand using C (and using Iv(x) Proof. As the origin is Lyapunov stable, one can choose some small ellipsoid S such that each (nonconstant) trajectory of v intersects S just once and transversally.
We want to show that each trajectory of v intersects the cc-sphere of small enough radius r > 0 just once and that the intersection point depends on the trajectory continuously. This, clearly, will prove the claim_ Let, be a horizontal curve with endpoints o,x. Consider he family of curves J A ,. The right endpoint of J A , runs along a trajectory of the vector field v .
The estimate of Lemma 2.2 shows that the cc-Iengths of J A , decreases as .A grows.
As the estimate (S) is independent of the curve" it follows that the cc-metric is a strict Lyapunov function for v, which implies the result we need. (meaning that [Li, L j ] Also we take g(z) to be the deformation of the left-invariant norm on H(O). In this section we slightly strengthen our assumption on 9 requiring its level surface in fibers to be strictly convex (or, equivalently, the level surface of the associated Hamiltonians to be smooth). For simplicity sake assume also that all norms g(z) agree on Ho . E. The cc-sphere of radius I is a subset of the wave front. Moreover, it belongs to the image of a compact subset of the cylinder C. This compact subset C c can be chosen large enough to suffice for all z close enough to O. These results are proved in [AS] .
F. For some C > 0, the (Euclidean) cf-neighborhood of the cc-sphere of radius 1 belongs to the cc-ball of radius 1 + t, for t small enough. This is, probably, also deducible from the results of [AS] , but is easy to prove anyway, by considering appropriate variations. This defines a deformation of 'Y parameterized by A. The right ends of the curves in the deformation run along a curve C-y(A) E V (projecting to the straight segment in VI). Call :>.I>.=IC,(A) the standard variation vector. Clearly, for a homogeneous distribution H, the standard variation is just the Euler vector field at the endpoint, independent of the curve.
